Number Count of Peaks in the CMB Map 
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We investigate the dependence of cosmological parameters on the number count of peaks (local 
maxima and minima) in the cosmic microwave background (CMB) sky. The peak statistics contains 
the whole information of acoustic oscillations in the angular power spectrum Ci over Z-space and 
thus it can place complementary constraints on the cosmological parameters to those obtained from 
measurements of Ci. Based on the instrumental specifications of Planck, we find that the number 
count of peaks can provide new constraints on the combination of the matter density Sim and the 
Hubble parameter h approximately scaled as Qmh''^'^ for a flat ACDM model with Qm = 0.3 and 
h = 0.7. Therefore, we suggest that combining it with the constraints from Ci scaled as Q,mh^'^ (or 
commonly Qmh^) can potentially determine f2m or equivalently solve the cosmic degeneracy by the 
CMB data alone. 



With the data from the BOOMERanG § and MAX- 
IMA 0] experiments, the cosmic microwave background 
(CMB) is dramatically improving our knowledge of cos- 
mological parameters 0-0]. Those data have revealed 
that the measured angular power spectrum Ci is fairly 
consistent with that predicted by the adiabatic inflation- 
ary models. Then, the position of the first acoustic peak 
in Ci is very sensitive to the spatial curvature or equiva- 
lently the total density of the universe [^ , and the mea- 
sured position has favored a flat geometry of the universe. 
Furthermore, if we adopt the simplest flat inflationary 
models with purely scalar scale-invariant fluctuations, 
the position can place constraints on the combination of 
the matter energy density l^m and the Hubble parameter 
h with the dependence of ^,^h^ |J] or D,^h^-^ in more 
detailed analysis g. However, it still remains difflcult 
to accurately determine f2ni only from the measurements 
of Ci (so-called the cosmic degeneracy &). The infla- 
tionary scenarios also predict that the primordial fluctua- 
tions are Gaussian Q , and in this case the peak statistics 
could provide an additional information about statistical 
properties of the distributions of peaks (local maxima or 
minima) in the CMB map based on the Gaussian the- 
ory P-pl]|. One of the most straightforward statistical 
measures in the peak statistics is then the mean num- 
ber density or the number count of peaks. We expect 
that the number count of peaks can place complemen- 
tary constraints on the cosmological parameters to those 
provided by the measurements of Ci because the number 
count depends on spectral parameters obtained from the 
integration of some weighted Ci over I space. 

Moreover, there are some advantages of using the peak 
statistics. Since the number count of peaks is given as a 
function of a certain threshold in units of the rms of the 
temperature fluctuations itself, we expect that the peak 
statistics is more robust against the systematic observa- 
tional errors of CMB anisotropics. 

In this Letter, therefore, we present theoretical predic- 
tions of peak number count in the CMB maps taking 
into account instrumental effects of beam size and detec- 



tor noise. We then focus our investigations on a problem 
how the number count for the observed sky coverage can 
place complementary constrains on Qm-h plane by fixing 
other cosmological parameters. This is motivated by our 
expectation that the number count can potentially break 
the cosmic degeneracy. 

Under the Gaussian assumption for the primordial fluc- 
tuations, statistical properties of any primary CMB field 
can be exactly computed once C; is given. It is then 
convenient to introduce the spectral parameters P| : 
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Note that Gq, CTi, and (T2 represent the rms values of tem- 
perature fluctuations field (= A = (5T/Tcmb)j its gra- 
dient and second spatial derivative fields, respectively, 
and (To is of the order of ctq ~ 5 x 10^^ in the cosmo- 
logical models we consider. The parameter 6** gives the 
characteristic curvature scale of the temperature fluctua- 
tions field and can be estimated as 9* ^5'. Throughout 
this Letter we employ the small angle approximation H 
where we use the Fourier analysis in the two-dimensional 
flat space instead of in the spherical space. It will be 
a good approximation for our arguments because modes 
of Ci &t I ^ 100 produce dominant contributions to Oi 
and cr2 that are main parameters to control how many 
peaks (local maixima or minima) are generated in the 
observed CMB sky [|ll|. We can then use the following 
analytic expression ff for the differential number den- 
sity of local maxima (hotspots) of height in the range of 
iy{= Apeak/cTo) and v + dv: 
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The function erfc(a;) denotes the Gaussian error func- 
tion defined by erfc(a;) = 2/^ j diexp[— i^]. Equation 
(^ clearly shows that the number density of peaks in- 
creases with a decrease of 0* and 7 affects it through 
the dependence on the function G. As discussed later, 
9^ is very sensitive to the position of acoustic peaks 
of C/, which largely depends on the cosmological pa- 
rameters |5[], because the sound horizon at decoupling 
is the characteristic wavelength of temperature fluctu- 
ations. The mean number density of hotspots of height 
above v^ can be obtained by integrating equation (0) over 
V > Vs- In the Gaussian field, the number density of lo- 
cal minima (coldspots) of height below —Vg is also given 
by "coldspots (< -i^s) = "hotspots (> t^s) due to the sym- 
metric nature. The total mean number density of such 
maxima and minima per unit solid angle is defined by 
«pcak(i^s) = "hotspots(> i^s) + "coidspots(< -i^s)- There- 
fore, if the sky coverage is /sky(^ 1), the number count 
of such peaks in the observed CMB sky can be predicted 
as 

Npcakil^s) = f^sky"-peak(l's) = 47r/skyripoak('^s)- (4) 

This is a basic equation used in the following discussions. 
For a practical purpose, we have to consider the in- 
strumental effects of beam size and detector noise on the 
number count of peaks. We here adopt the instrumen- 
tal specifications of 217GHz channel on the future sen- 
sitive mission Planck Surveyor, a Gaussian beam with 
full width at half maximum flfwhm — 5.5' and a pixel 
noise crpix(= s/^/ipix) = 4.3 x 10~^, where s is the detec- 
tor sensitivity and ipjx is the time spent observing each 
^fwhm X ^fwhm pixcl. As discusscd by |l|] in detail, the 
beam smearing effect causes an incorporation of intrinsic 
peaks contained within one beam, and the detector noise 
could make spurious peaks in the observed CMB map. 
The noise level of Planck is sufficiently small and thus 
this issue will not be so serious. For example, the peaks 
of height above the threshold i^s = 1 have very signifi- 
cant signal to noise ratios such as S/N ^ 5. However, in 
theMAP case, we have to carefully consider this detector 
noise effect because the noise level per a FWHM pixel is 
Cpix ~ 10~^ at all channels of MAP and is comparable to 
the rms of the CMB anisotropics field itself. Even in this 
case we expect that the noise field and the primary CMB 
field are statistically uncorrelated [|2|, and therefore it 
will be possible to perform accurate predictions of the 
number count of all peaks in the observed maps including 
contributions of spurious peaks mimicked by the detector 
noise. This work is now in progress and will be presented 
elsewhere. Based on these considerations, for Planck case 
we can approximately take into account the instrumental 
effects only by modifying the angular power spectrum as 



Ci = (Ci +crpix^fwhm)exp[-^^6'2], where 6^ is expressed 
in terms of 6'fwhin as Og = 0fwhm/'\/81n2. Note that the 
inverse weight per solid angle, w^^ = (o'pix6'fwhm)^j as 
a measure of the detector noise is the pixel-size inde- 
pendent |l5|. Then, the spectral parameters (|^) can be 
expressed by af^{9s,apix) — J{ldl/27r)CiP'^. The ana- 
lytic predictions of iVpcak from C'l are indeed in good ap- 
proximation with the numerical experiments of the CMB 
maps ||l^,|ll|, where we identified the peaks as a pixel 
with higher or lower temperature fluctuations than the 
surrounding pixels. Thus it should be noted that the 
number count of peaks also depends on the instrumental 
effects in a general case. 

For the adiabatic inflationary models, we can accu- 
rately predict C; as a function of sets of cosmological pa- 
rameters Pq | . Therefore, the number count of peaks also 
depends on the cosmological parameters. We here con- 
sider the current favored totally flat cosmological model 
(r^K ~ 0) as suggested by the simplest inflationary mod- 
els and supported by the measured position of the first 
acoustic peak ]l|-Ql. We then pay a special attention 
to investigations of the dependence of fim and h on the 
number count of peaks. For other cosmological param- 
eters relevant for the CMB anisotropics, we assume the 
spectral index of rig = 1 for scalar fluctuations, no ten- 
sor contribution, and a baryon density Ob to satisfy 
ilb^^ = 0.019 as indicated from the big bang nucle- 
osynthesis measurements |13| . To compute the angular 
power spectrum for these cosmological models, we used 
the CMBFAST code developed by Seljak & Zaldarriaga 
jlll with the COBE normalizations [Q. 

Although the number count of galaxies with fixed solid 
angle could be a measure of the geometry or cosmological 
constant via its dependence of the angular diameter dis- 
tance |17]| , this does not simply occur in the number count 
of peaks in the CMB sky as following reasons. Certainly, 
the comoving angular diameter distance at the recombi- 
nation epoch Zroc ~ 1100 has a dependence of cosmologi- 
cal parameters as Da oc l/^flrah'^Y^^ in the fiat universe, 
and therefore except the case with Q^ = 1 we become 
to see a larger area on the last scattering surface than 
that in the Euclidean-like space for the fixed observed 
solid angle. However, the characteristic scale of the tem- 
perature fiuctuations to make peaks is the sound horizon 
scale Tg at the last scattering and it has a similar scaling 
on the cosmological parameters such as Tg c>c {^rah^y^^- 
Therefore, this geometric effect is canceled out for the 
number count of peaks in the CMB map. 

However we will find that the number count of peaks 
has an interesting dependence on the cosmological pa- 
rameters as follows. If recalling that the projection effect 
is already included into C/ , the cosmological dependence 
of the number count can be understood from the I depen- 
dence on power of C'l . Since our model fixes the values of 
physical baryon density a;b(= flhh^) and rig, this means 



that the amphtude of the second acoustic peak relative 
to the first peak is roughly fixed [Q. Hence there are 
two important physics in the CMB anisotropics sensi- 
tive to the number count of peaks. One is the detailed 
dependence of the physical matter density tt'm(= ^mh^) 
and the vacuum density Oa on the position of the first 
acoustic peak for the flat universe. The previous detailed 
analysis ||l^ revealed that lowering Wm causes the acous- 
tic peaks to appear in the larger I, and it simultane- 
ously leads to a smaller characteristic curvature scale 6', . 
Consequently, a decrease of Wm produces more peaks in 
smaller scales and thus increases the number count in the 
observed CMB sky as shown by equation (H). The effect 
of lowering fim is partly compensated by the raising of 
f^A in the flat universe. Second is the driving effect that 
comes from the decay of the gravitational potential in 
the radiation dominated epoch |l^. Namely, a decrease 
of o^m leads to earlier epoch of equality between the mat- 
ter and radiation energy densities and then its driving 
effect enhances the acoustic oscillations and leads to an 
increase in the power of anisotropics in C; at / > Icq rel- 
ative to the large scale anisotropics fixed by the COBE 
normalization in our models. The change of height of the 
acoustic peaks affects the number count mainly through 
the change of parameter aQ in 7, and this effect also leads 
to an increase in the number count of peaks with lower- 
ing LUn^. These effects complexly affect the number count 
through the integration of acoustic peaks in Ci over I 
space, and thus the constraints from the number count 
on flni and h cannot be equal to those provided by Ci 
measurements. 

Figure H shows contours of number count of peaks as a 
function of fim and h for the flat ACDM family of models, 
where we have assumed /sky = 0.65 and z^s = 1 for the 
sky coverage and the threshold, respectively. Although 
i^s = 1 is assumed for simplicity, we have a freedom to 
use different measurements of the number count with var- 
ious thresholds. Furthermore, if taking advantage of the 
i^s dependence on the number count, we could distin- 
guish the contributions of spurious peaks by the detector 
noise from the observed number count. In the case of 
i^s — ^, the ratio of spurious peaks to all peaks is ^ 10%. 
Figure || shows that, although for an ideal case with 
^fwhm = CTpix = the number count actually increases 
with lowering Wm as explained, the dependence of flm is 
reversed because of the following reasons. The depen- 
dence of 51m on the number count is originally very weak 
for the flat universe as explained above. For example, the 
variation of number count for AQm = 0.1 around a model 
with rtm = 0.3 and h = 0.7 is only AA^^poakZ-^pcak ~ 0.02 
in the ideal case. The detector noise then affects more 
strongly the number count in models with larger flni for 
constant h because those models have lower values of 
ctq- As a result, the detector noise effect compensates 
the variation AiVpoak- Most importantly, Figured shows 
that the strong dependence of h on iVpcak still remains. 
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FIG. 1. The contour of the number count of peaks in the 
CMB map with the sky coverage of /sky ~ 0.65 for the 
expected Planck survey as a function of Qm and h, where 
we have assumed the simplest flat inflationary models with 
ris = 1 and Q,hh? — 0.019. We here employed the instru- 
mental specifications of 6fwhm = 5.5' and (Tpix — 4.3 x 10~®. 
The contour clearly shows that lowering ujm roughly causes 
an increase of the number count because of the dependence 
of LUm on amphtude and position of the acoustic peaks of Ci 
in Z-space (see text in detail). 

We assume that the observational errors associated 
with measurements of number count of peaks with re- 
spect to a certain threshold Vs can be considered as a 
Poisson contribution estimated by \/ N^cakji^s) ■ We have 
verified using the numerical experiments |ll| that this 
estimate is a good approximation. We can therefore es- 
tinrate the signal to noise ratio for determinations of Q^ 
and h parameters from the number count as 
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where the subscripts "obs" and "real" denote the ob- 
served value and theoretical prediction of the number 
count, respectively. Based on this consideration. Figure 
shows contours of constant signal to noise ratio S/N 
for determinations of Q^ and h for the fiducial model 
with r^iii — 0.3 and h = 0.7 marked with cross. The 
fiducial model then has iVpeak — 1-37 x 10^ and the con- 
tours or equivalently constraints on r2„ and h approxi- 
mately scale as nh~^-^ around the point of the fiducial 
model. Recently, Hu et al. (2000) shows that the com- 
bined data of Ci from BOOMERanG and MAXIMA can 
place the constraints on these parameters, which approx- 
imately scale as ilmh^'^, from the measured position of 
fist acoustic peak around I w 200 under the assumption 
of a flat universe (Figure 6 in their paper). The depen- 
dence of Q^h^-^ is also shown by two bold solid lines in 



Figure || and it clearly demonstrates that the lines al- 
most vertically cross the S/N contours of the number 
count. Therefore, combining both constraints allows us 
to accurately determine Q^ and h or break the cosmic 
degeneracy by the CMB measurements alone. 




FIG. 2. The contours of the signal to noise ratio for the 
measurements of the number count of peaks for the fidu- 
cial model with Qm = 0.3 and h = 0.7 (marked with 
cross) as same models in Figure nl. The fiducial model has 
A'^poak = 1.37 X 10®. The contours are stepped in units of 
AS/N = 1 and the shaded regions denote S/N < 5 from 
equation (|5|). The two bold solid lines are an arbitrarily nor- 
malized Q,inh^'^ that represent the dependence of constraints 
obtained from the position of the first acoustic peak in C; for 
the flat universe (Hu et al. 2000) . The lines almost vertically 
cross the S/N contours. 

In this Letter, we propose a new potentially useful 
method that the number count of peaks in the CMB 
map can probe the cosmological parameters relatively 
independently of those provided by the measurements 
of Ci. This is because the peak statistics contains the 
integrated information of Ci over / space, although the 
number count can be derived only from C; based on the 
Gaussian theory. Thus, if we adopt the Gaussian as- 
sumption for the primordial fluctuations such as the in- 
flationary scenarios suggest, we could extract an addi- 
tional information on the underlying cosmology. As an 
example, we here showed that the number count of peaks 
can place complementary constraints on Q^-h plane and 
an interesting possibility that we can determine Q^ by 
combining the constraints from C/. This result therefore 
indicates that we can break the cosmic degeneracy by 
using the CMB data alone without invoking the other 
astronomical observations. 

Undoubtedly, secondary anisotropics and foregrounds 
can mimic the peaks in the observed CMB maps. Al- 
though the most important sources are the thermal 



Sunyaev-Zel'dovich effect, this effect can be removed by 
either observing at 217GHz or using advantage of its spe- 
cific spectral property. We also have to carefully inves- 
tigate the effect of Galactic foregrounds and extragalac- 
tic point sources p9| | to make reliable predictions in our 
method, but this must be done for any measurements of 
statistical properties of CMB temperature map. 
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